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Dynamics of Gravity-Oriented Orbiting Systems with
Application to Passive Stabilization

B ETKIN*
Univei sity of Tor onto ̂  Toronto, Ontai io, Canada

A theoretical framework is presented for analyzing the motion of a multibody satellite
system in a gi avity-oriented orbiting reference frame It consists essentially of expressions
for the forces and moments of the body-force field on arbitrary bodies and of their utilization
in Lagrange's equation to find the equations of motion It is then applied to the analysis of a
specific system designed for passive attitude stabilization The equations are linearized and
separated into two groups (longitudinal and lateral), and numerical solutions are obtained
Damping to half-amplitude in times of the order of 0 3 orbit is possible in either system
separately For combined three-axis stabilization, somewhat longer times would result
from inevitable compromises The effect of solar radiation on the system is briefly discussed
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Nomenclature

constants [Eqs (25)]
distance from satellite mass center to stabilizer

hinge
half-length of one pitch roll stabilizer rod
half-length of one yaw stabilizer rod
principal centroidal moments of inertia of a

body
piincipal centroidal moments of inertia of one

pitch-roll stabilizer
constants [Eqs (23)]
pitching resistance coefficient of hinges
rolling resistance coefficient of hinges
differential operator d/d^
eccentricity of ellipse
generalized force in Lagrange's equation
gravitational force per unit mass
inertia force per unit mass
total force acting on a body
total moment about the mass center of a body

rt i = 1, 2

= added moment of inertia of roll-yaw coupler
=I/A»
= moment of inertia [Eq (10)]
= unit vectors along x, y, z
= products of inertia [Eq (10)]
= total mass of satellite
= mass of one pitch-roll stabilizer rod
= generalized coordinate
= position vector of particle (Fig 1)
= position vector of origin (Fig 1)
= average value of R
= perigee distance
= time
= kinetic energy, or period of orbit
= work done in a virtual displacement
= gravity oriented reference frame (Fig 1)
= angular displacements of stabilizer rods (Fig 3)
= gravitational constant
= angular velocity 7
= average value of o>
= position vector of particle (Fig 2)
= centroidal coordinate axes for body (Fig 2)
= Euler angles, defining rotation of body relative
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y = polar angle (true anomaly) (Fig 1)
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( \ = satellite body

I Introduction

THIS paper deals with the dynamical theory of a ceitain
class of satellites that are composed of more than one

body, coupled by frictional or elastic elements The class
consists of those satellites which, in their designed mode of
opeiation, maintain one axis fixed (or nearly fixed) along the
local gravity vector It includes satellites designed for
meteorological, geophysical, communication, and reconnais-
sance missions, for all of which the local vertical is the
"natural" reference direction

Although the analysis was motivated by the problem of
passive stabilization of earth satellites by means of the well-
known gravity-gradient principle, and Sec III is devoted to
it, the general equations given in Sec II have wider applica-
tion They can, in fact, be applied to the formulation of the
configuration equations of motion for virtually any system,
rigid or elastic

It seems natural to choose a frame of reference for the equa-
tions of motion in which the system, in its intended state,
either is at rest or has at most some simple motion If one
axis of the vehicle is to be vertical, then the orbiting reference
frame Oxyz shown in Fig 1 meets this requirement If the
orbit is a circle, the vehicle is at relative rest; if it is elliptic,
the vehicle has a steady pitching oscillation f Since this
reference frame is non-Newtonian, having both rotation and
linear acceleration of the origin, the external force field must
be modified so as to include the appropriate "inertia forces "

The origin 0 of the coordinate system is at the mass
center (R, 7) of the orbiting system It can easily be shown
that to the first order [i e , when Eqs (2) below are valid]
there is no back-coupling of the rotational and distortional
motions of the vehicle on the tiajectory of the mass center
The latter therefore describes a Keplerian orbit, and the mo-
tion of the reference frame is known a priori We neglect
oblatness of the earth and the presence of other astronomical
bodies; the orbit is therefore a planar ellipse The burden
of what follows may be briefly summarized thusly:

1) The gravitational field is expressed as a linear function
of distance in the immediate neighborhood of the vehicle
To it is added the inertia force field associated with the mo-
tion of the reference frame to give the total effective body-
force field This is integrated to give the total force and

t Simple harmonic if e
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moment acting on a body of arbitrary shape and location
within the orbiting frame

2) The derived expressions for force and moment are then
used, by means of Lagrange's equation, to obtain the equa-
tions of motion of a particular multibody satellite (designed
as a passive stabilization system)

3) Numerical solutions are given for the small-disturbance
characteristic modes and for the forced oscillation caused by
orbit ellipticity

4) The influence of solar radiation on the system is dis-
cussed briefly

II Basic Equations

The following analysis is given in abbreviated form A
complete account, with all the details, is contained in Ref 4

Body- Force Field

The gravitational force per unit mass is (see Fig 1)

(1)

Since (x/R, y/R, z/K) are of order 10 ~6, it is a very good
approximation to linearize Eq (1) Its scalar components
then become

= -go(x/R)

fa. = 2(Z/R)]

(2)

where gQ = v/R2 is the value of gravity at the origin
The angular velocity of the reference frame is — jco, and

the acceleration of its origin is

ao = k^o (3)

where g0 = Ru2 — R It follows that the inertia force field
per unit mass due to motion of the reference frame is given
by2

fix =

ft = —

2<t)Z

(4)

These relations, which are linear in the coordinates, are, un-
like Eqs (2), exact It is convenient to transform fiom
time as the independent variable to the polar angle y by the
relation

d/dt = u(d/dy)
When Eqs (4) have been so transformed and added to Eqs
(2), we obtain the total force field:

2 dy dy

tdx_
dy

(5)

The motion of a free particle in this force field has recently
been discussed by Knollman and Pyron 6

Force and Moment on a Finite Body

The total force and moment acting on a finite body (see
Fig 2) are

F = / f dm ]

G = / 9 X f dm)
(6)

ORBIT

Fig 1 Orbiting lefeience frame

where p is the position vector of dm relative to the body
center C(x, y, z), and hence G is the moment about the mass
center

Integrating Eqs (5) for the resultant force, we get

Fx = m[aix + (hz + a^dz/dy)]
Fy = mb\y

F = m[cix + c22 +
(7)

where

R

1 dco2

o ~J~2 dj —R c2 = 2

c3 = -2co2

(8)

The integral for the moment yields

L = aiJfr + azJr,?
M = biJst + bj, + h(dl
N = cjfr + c2Jrf + c3/

where

(9)

2 dy 2 2 dy

a3 = — 2co2 53 = co2 c3 = — 2co2

and Jfr = f £??dra, etc , 1^ = f (£2 + f 2)dm

(10)

Fig 2 Body centered coordinate system C(x, y9 z)
is body mass center, and C£r]£ are parallel to Oxyz
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HINGED PITCH/ROLL
STABILIZERS

Fig 3 Diagram of two-hinged stabilizer system

In the preceding equations for the force and moment, the
coefficients are all functions of 7 The explicit relations that
express the dependence for an elliptic orbit defined by (RP,e)
are readily derived from basic orbital theory (see, e g , Ref
3) as

co2(7) = [/*/«,*(! + e)3

= RP(! + e)(l
+ e COST)4

cosT)3

(11)
(12)

(13)
When the orbits are of small eccentricity e <<C 1, which is a
case of interest, the foregoing expressions can be approximated
to the first order in e by

co2(7)

R(y)
= co0

2(l + 4e cosy)

= R0(l - e cosy) (14)

all of which give simple harmonic variations with the inde-
pendent variable 7; the mean values of ^(7), w2(7) are
given by

#o = RP(l + e)

l + 3e) =
By means of Eqs (14), first-order approximations for the
a,i d, Eqs (8) and (10), are readily written down (They
are given in full in Ref 4 )

The moment expressions, Eqs (9), are seen to contain the
moment of inertia in pitch, Irj, and the three products of

S Y M M E T R I C
(STAGGERING)

ANTISYMMETRIC
(PITCHING)

inertia of the body with respect to the gravity-oriented cen-
troidal axes C^f Since the body in general rotates with
respect to these axes and may in addition experience non-
trivial elastic or thermal deformation, the inertia coefficients
in general vary with time, i e , they are functions of 7
In application, it is convenient to express them in terms of
the principal moments of inertia, A, B, C, which are constant
if the body is rigid Let the principal axes be oriented
relative to C^ryf by the three successive rotations i/', 6, <£,
following the conventional practice in flight dynamics The
required inertia coefficients are obtained by the transforma-
tion of the inertia tensor5

"A 0 0"
0 5 0
0 0 0

(15)

where [I]^r is the inertia matrix in the %i}$ system, and [Z],
[I]* are the matrix of direction cosines and its transpose
When \{/, 6, <p are small angles, the required inertias reduce,
to the first order, to

Irj = B Jfr = (B — A)\//

T __ / /Hf __ T>\ JL 7" __ / A __. /"/\ /) /I f±\

Separation into Two Groups

If Oxz is a plane of symmetry of the system, then a "longi-
tudinal" motion is possible, like that of airplane dynamics, in
which each particle moves in a plane parallel to the orbital
plane The required forces and moments for any body are
then Fx, F , and M of Eqs (7) and (9) For such a motion to
take place, there must of course be no external forces (e g ,
solar radiation) that produce appreciable nonzero values of
Fyt L, and N There is no lestriction as to amplitude, how-
ever, and the pitch angles B of the bodies that make up the
satellite may be large

Again, just as in dynamics of airplanes, we find that
"lateral" motion, involving displacements y, \f/, <j> of a body,,
can exist independently of the longitudinal motion when all
second- and higher-order terms aie negligible The analogy
with airplanes is further preserved in that rolling and yawing
are, in general, coupled

III Application to a Passive Stabilization
System

The equations of Sec II have been applied to the analysis
of a particular system proposed47 for passive three-axis
attitude stabilization The system is shown in Fig 3 It
consists of a satellite body that carries two vertical rodsj
(pitch-roll stabilizers), universally hinged at H so that both
pitching and rolling displacements may occur The hinges
contain dissipative elements (electrodynamic, hydrodynamic,
or other) such that rotation of the rods relative to the body
produces resistive couples proportional to rate These
couples are the means by which damping of all modes is ob-
tained Depending on the mass distribution of the satellite
body, additional arms may be required on one or both of the
x and y axes That on the x axis is denoted a "yaw stabi-
lizer"; that on the y axis is called a "roll-yaw coupler ' In
Ref 7, a more general case is treated, in which the yaw
stabilizers are also hinged, so that they are free to swing in
yaw No significant technical advantage was found in this
arrangement, however, and so the present paper describes
only the case of fixed yaw stabilizers

The particular system chosen for study herein is of course
only one of an infinite variety of possible ones (a number of
others have been described in the literature; see, for example,

Fig 4 Characteristic longitudinal modes
t The technical development of suitable extensible rods is now

an accomplished fact; see Ref 8
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Refs 10 and 11§) that can, in principle, be used for passive
stabilization No special claims are made for it, other than
that it is compact, symmetrical, appears to be quite within
the state of the art, and has excellent performance The
full details of the analyses are contained in Refs 4 and 7
and are not reproduced here in the interests of brevity
Instead, we present only an outline

First the equations are linearized by considering only
small disturbances and by assuming that the orbit eccentricity
is small Thus e «: 1 and terms containing products of e
with the first-order variables, 6, a, /3, etc , are assumed
negligible This approximation would be invalid if the
motion variables, 6, a, etc , were much smaller than e, for
then terms such as ed would be much larger than terms such
as 62 and their neglect not justified The solutions would
then be invalid in the limit of vanishing motion Now when
e ^ 0, a parametrically forced oscillation in the longitudinal
degrees of freedom persists indefinitely, in which the ampli-
tudes of the motion are generally greater than e Hence the
motion never does vanish, and the forementioned restriction
is not significant for the longitudinal motion It does come
into force for the lateral modes, however, since then there is
no fiist-order parametric excitation by orbit eccentricity
The lateral solutions given are therefore exact for circular
orbits, but they neglect a second-order residual motion
caused by e when the orbit is elliptical

The linearized expressions for the forces and moments on
a body are found to be as follows:

Longitudinal

F. =

M = — o>c

Lateial

cosy)x — (2e s

(3

- C)6 + 2eB siny]

2(dz/dy)]

- 2(dx/dy)]
(17)

Fy = —muQ
2y(l + 3e cosy)

L = co0
2[4(C - B)4> + (A + C - B)(d$/dy)]

N = -o>0
2[(£ - + (A + C - B)(d<f>/dy)}

(18)

The next step is to obtain the equations of motion of the
system Two principal methods of attack are available:
1) to write down Euler's equations of motion foi each con-
stituent body, thus obtaining 6n equations for n bodies;
this is essentially the approach of Roberson1; and 2) to use
Lagrange's equation and obtain only as many equations as
there are degrees of freedom

When the system consists only of rigid bodies, the first
method is always possible It has the advantage of supplying
the ineitia terms "ready-made " Disadvantages are that it
leads to more equations than there are degrees of freedom, the
difference being equal to the number of unknown force and
moment interactions between the bodies, and that it cannot
be applied at all to elastic bodies

The second method, that of Lagrange, is essentially un-
restricted; it can be applied in all situations However, it
is not always the shortest path to the final equations when
an alternative exists Nevertheless, the second method
was the one chosen for the present study The kth equation
of motion is given by

_
dt (19)

where T is the total kinetic energy of the system relative to
the orbiting frame of reference and fo is the generalized force

§ Published after this paper was first submitted; references
added after review

a! 5

\

4 r5 1.0

Fig 5 Number of orbits to half-amplitude for least-
damped longitudinal mode Solid line indicates anti-
symmetric modes, and dashed line indicates symmetric

mode

The details of the computation of T and its derivatives are
given in Refs 4 and 7, with the result that the equations of
motion are as follows:

Longitudinal

B9 + Bid + Bi$ = 3
Bi9 + B2a + B$ = 3a (20)

Bi9 + Bid + B$ = i
where

B = total moment of inertia about the 776 axis

Bi = B' + m'b(a + 6)

B, = B' + m'62[l - (m'/m)]

£3 = (m'/m)(m'62)

Lateral

Aj> + AM + Ai\ =

(21)

(22)

30

o
E I 5

°975

0 I 2 3 4 5 6 7 8 9 1.0

f
Fig 6 Period of least-damped antisymmetric longitu-

dinal mode
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where

A = total moment of inertia about the & axis

A' + m'b(a + 6) = #1

(7 =

(m'/ni)(m'b*) = £3
total moment of inertia about f & axis

(23)

The computation of the generalized forces uses the ex-
pressions (17) and (18) together with the hinge friction couples
—da, — Ci/3 in the longitudinal case, and —c2K, — c2X in the
lateral case Again, the details may be found in Refs 4 and
7 The results are as follows:

Longitudinal
O / A C1 \ O |- 3(A — LbjVb +

(24)

Latei al

(25)

where

4Auc + 4AiA]
(C -

(3Ai

E = Ab - Bb

F = 4(A - E)

Cb

By combining Eqs (20) with (24) and (22) with (25), the
equations of motion are obtained as follows:

Longitudinal

n(d2 + 3)

>iW2 + 3)

where d = d/dy and B* = A —
Lateral

3)

Fig 7 Forced oscillation in pitch caused by eccentricity
of 01 bit

data used were as follows: f01 the longitudinal case,

m'/m = 0005(6/a) A' = B1 = %m'b2

Ab = Bb = Cb = 0 6m6a2

and for the lateral case,

Ab = AIQ + / Bb = BbQ

Cb = Cbo + I AbQ = Bbo = CbQ = 0 4 mb a2

where I is the moment of inertia of the roll-} aw coupler rod
on the r)b axis (The difference between the satellite body
radii of gyration in the longitudinal and lateral cases is not
significant It results from the fact that the two cases were
done somewhat independently ) In addition, fixed yaw stabi-
lizers of length 2b' and mass per unit length equal to that of
the pitch-roll stabilizers were incorporated in the lateial solu-
tions as an additional parametei Both sets of equations,
(26) and (27), were solved for the characteristic modes The
principal properties, period, and time to damp to half-
amplitude were computed for a variety of values of stabilizer
lengths and hinge damping parameters Equation (26) was

+ 3)

(B,d2 + Fid + 35i)_

-2eB
(26)

'(Ad* + F)
Ed
(Ad* + 4A

-Ed
Cd* + (C - E)

0
0

(A,d2 + 4AO
0

A8)

3Ai + A2)

(Aid2 + 4AO
0

+ A8)
+ r,d + 3Aj +

= 0 (27)

As a result of the approximation of the eccentricity terms
previously described, the ellipticity of the orbit appears only
in the inhomogeneous "forcing" terms on the right-hand
side of the longitudinal equations The left-hand side of
these equations defines a homogeneous system of the sixth
degiee, and the lateral equations are a system of the eighth
degree

Numerical Solutions

Numerical solutions were obtained to the foregoing equa-
tions of motion using the IBM 7090 digital computei at the
University of Toronto Institute of Computer Scien e The

also solved for the steady-state forced oscillations associated
with the e terms on the right-hand side Representative
results are shown in Figs 4-10 Both oscillatory and non-
oscillatory characteristic modes were obtained, depending
on the values of the parameters Figure 5 shows that damp-
ing of the body pitching motion to half-amplitude occurs in as
little as | orbit when f j = 0 4 and b/a = 50 (Since the
symmetric mode does not entail rotation of the satellite
body, it is technically less significant than the antisymmetiic
mode) This result may be compared with the optimum
value of ti 2 = 0 095 obtained by Zajac9 for a pair of crossed
dumbbells With the damping time of -| orbit, a transient
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Fig 8 Period of least-damped lateral modes Solid line
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would damp to ^ of its initial amplitude in one orbit Figure
6 shows the periods of the modes of Fig 5 The jump at
FI = 0 4 occurs because there are two periodic antisymmetric
modes, and theii dampings cross over at this point The
ratios | 0o/a0| shown on the figure are the modal amplitude
ratios, which identify the "shape" of the mode, i e , the
amplitude of the body pitch is 64 5% of the stabilizer pitch
amplitude when | 0o/ofo| = 0 645 Figuie 7 shows the steady-
state forced oscillations of the body in pitch which are pro-
duced by ellipticity of the orbit Resonant behavioi occurs
when the orbital period coincides with one of the character-
istic periods It is clear that, in choosing design parameters
such as b/a and FI, account must be taken of the expected
eccentricity of the orbit and the required pointing accuracy
The best peiformance is about 00 = 2e For example, if the
difference between apogee and perigee is 100 miles for a low
orbit, e = 0 012 and 00 = 0 024 rad = 1 37° Design com-
promises might, however, require choices of f i and b/a which
would lead to values somewhat larger than this

Figmes 8 and 9 show lepresentative results for the period
and damping of the lateial modes obtained The mode
shapes are either symmetric or antisymmetric and look much
the same when viewed in the yz plane as the longitudinal
modes of Fig 4, except that the antisymmetric modes also in-
clude a rotation \f/ of the body about the z axis For the
cases shown, the period is about lj to 2 oibits, and the damp-
ing time is rather long, the minimum value shown being about
1 35 orbits to half-amplitude when b/a = 30 and b'/a =
25 A word of explanation is necessary as to why there is
damping of the yawing motion at all The explanation lies
in the roll-yaw coupling, provided by the terms —Ed\(/ and
Ed(l> in the first and second of Eqs (27) The origin of these
teims can be seen by considering the Coiiolis forces acting
on elements of mass lying on the ??& axis when they have
motion due to 4> or \j/ It is precisely to increase this coupling
that the added mass on the rjb axis, the roll-yaw coupler having
moment of inertia /, was incorporated Thus any yawing
motion of the body (\j/) induces a rolling moment (E\//) which,
in turn, sets up i oiling motion of the body and of the roll
stabilizers The relative rotations K and X which result
then produce eneigy dissipation in the hinges, and the entire

o 2
b/Q 40

, 3 0

9 10

Fig 9 Damping of least-damped lateral modes Solid
line indicates antisymmetric modes, and dashed line

indicates symmetric modes
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Fig 10 Effect of roll-yaw coupler on damping of least-
damped lateral mode

motion decays The effectiveness of the added roll-yaw
coupler is shown in Fig 10, where the period and damping
of the least-damped lateral mode are plotted as functions of
the inertia of the roll-yaw coupler £1/2 is reduced by it from
1 35 to less than 0 5 for b/a = 3 0

Optimization

It was of interest to search for the best damping that could
be obtained by varying the four design parameters b/a, b'/a,
f 2, and 7, in order to establish the performance potential of
the system

This was accomplished by a "method of steepest descent'7
analysis, in which the four parameters were varied stepwise
in such a way as to increase the damping of the least-damped
mode at each step The starting point was at A of Fig 10,
and the result obtained after 12 iterations was as follows:
orbits to i amp = 0 28, f 2 = 0 637, b/a = 3 32, b'/a = 3 09,
and i = 0 218

It is therefore evident that very rapid damping of both
the lateral and longitudinal modes is possible when they are
considered independently In an actual design situation,
when both must be consideied jointly, some compromises
would likely have to be made which would lead to slower
damping than the best values just quoted

Effect of Solar Radiation Pressure

Solar radiation pressure may supply important disturbing
foices, depending on the altitude, the orbit, and the particular

Fig 11 Equi l ib-
rium of solar radia-
tion and gravity

moments
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design of the satellite Generally speaking, it piovides
periodic inputs of orbital period to both the longitudinal
and the lateral systems If the vehicle is symmetric and the
radiation is both weak and uniform, then it can be shown
that the effect on the motion is second order In this con-
text "weak" means that the "trim angle' at im of a stabilizer
rod under steady conditions of gravity gradient and radiation
pressure is small (see Fig 11)

The radiation incident on the vehicle will be uniform ex-
cept for such effects as shadows cast on the rods by the body,
and except when the vehicle passes into and out of the earth's
shadow The moments associated with the latter effect have
been calculated in Ref 4 and shown to produce motions
that are small compared to those caused by .orbit ellipticity
for low-altitude satellites Now the radiation pressure is
essentially independent of altitude, but the gravity moment
decreases as co2, i e , as R~3 Hence, even though radiation is
not important for a symmetric satellite at low altitudes, it
does eventually become so as height increases Calculations
for a typical rod have shown that the trim angle is less
than 20° for altitudes less than about 4000 miles, but that
it may become as large as 80° at synchionous altitude
Large trim angles imply that large-amplitude motions of the
rods may be induced by the periodic action of the solar pres-
sure and that the consequent lack of symmetry of the con-
figuration may result in appreciable solar pressure torques,
which may in turn cause significant body rotations Hence
we may conclude that, for any given design of the kind just
described, there is an effective "ceiling," above which the
pointing accui acy deteriorates to unacceptable values Since
the cause of the eirors is the joint action of configuration
asymmetry and solar pressuie, it may be anticipated that
reducing the former will be beneficial Ihus, incorporating

springs in the hinges so as to i educe the trim angles (i e , the
asymmetry) is expected to result in increased ceilings How-
ever, no computed results are yet available to substantiate
this expectation
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